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A technique to probe the interior of three-dimensional dynamic granular systems is presented. Positron
emission particle trackingPEPT) allows a single tracer particle to be followed around a three dimensional
vibrofluidized granular bed for periods up to six hours. At present the technique is able to resolve the position
of the grains to+x4 mm, with an average temporal resolution of about 7 ms. Packing fraction profiles are
calculated by making use of the ergodicity of the system, and granular temperature profiles are obtained, in the
dilute case, from the short time behavior of the mean squared displacement. At longer times, the mean squared
displacement shows a range of behavior which can be explained by the presence of strong gradients in the
packing fraction. Convection currents were observed, but were sufficiently small in magnitude to be ignored
during the analysis of grain motion. The system was modeled using the Smoluchowski equation, which was
solved numerically, and the results compared with the experimentally determined displacement probability
density functions. Good agreement between experiment and numerical results was achieved using Brownian
motion relationships modified to accommodate differences between granular systems and thermal systems.

PACS numbgs): 45.70.Mg, 51.10ty, 05.40—a, 05.60-k

[. INTRODUCTION dation has yet to be performed for three-dimensional sys-

tems. Kinetic theories have also been used to produce sets of
ydrodynamic equations appropriate to granular flo®ha.

Model two-dimensional vibrofluidized granular beds of

Granular materials have been studied closely by scientis
and engineers for over a hundred years. The ubiquity of suc
materials in both nature and industry has precipitated many, .| spheregestitution coefficients =0.92) were used in
studies with the aim of improving transportation and storagqQ :

. . ef.[7] to investigate the steady state behavior of a “granu-
methods. Recently, the complexity and richness of the bel'ar gas.” High speed digital photography, together with im-

havior of c_;lissipativ_e and nonequilibrium systems has I_ed tc}:\ge analysis and particle tracking software, was used to de-
renewed interest in granular flows at the miCroscopic Otermine |arge numbers of particle trajectories and hence
single-particle level. On the whole, the investigations have,piain velocity distributions. These authors showed that the
centered on theoretical and numerical analysis of the probye|ocity probability density function of such grains in a two-
lem. For example, Savage and Jenkins pioneered the use gfmensional vibrofluidized granular gas closely corresponds
kinetic theory methods to model microscopic motion into a Maxwell-Boltzmann distribution, and developed a
granular flow[1], and McNamara and Luding have studied method of extracting the granular temperature based on the
dissipative systems using molecular dynami{#4D) and fitting of the theoretical form of the velocity probability den-
event driven simulationg2]. The need for experimental vali- sity to the experimentally acquired ddiaf]. By this method,
dation of these approaches was emphasised by Campbell granular temperature profiles in vibrofluidized beds were de-
his review papef3]. In response to this, a number of phe- termined for the first time. Further, it was shown that apart
nomena have been systematically investigated, includinffom the accentuated influence of gravity, a highly fluidized
convection[4], gravity driven flows[5] and wave propaga- granular system can behave in a fundamentally similar man-
tion [6]. Generally, experimental investigation of granularner to a thermal fluid15]. This method for determining
systems has concentrated on two-dimensional systee®s granular temperature is appropriate at low or intermediate
e.g., Ref.[7]), but recently a range of techniques has beerpacking fractions, but at high densities 0.5) the collision
used to observe motion in three dimensions, including magrate of the grains is of the order of the framing rate of most
netic resonance imaginfg], diffusive wave spectroscopy high speed video camerd$000 frames per second for the
[9], and positron emission particle trackifitO]. study described aboye To avoid this problem, a new
Theoretical descriptions of granular flows have generallynethod was suggested that relied on the analysis of the short
used kinetic theory methods analogous to the Chapmartime behavior of the mean squared displacenj&ft. This
Enskog approach to atomic gases. Jenkins and Richman anaethod allowed measurement of granular temperature up to
lyzed the case of nearly elastic, hard disk gdddg, and a  packing fractions approaching 0.8. Subsequently, the mea-
similar analysis was undertaken by Kumaran to describe visurement of the granular temperature, combined with the de-
brofluidized granular bedgl2]. Essentially, this method re- termination of the self-diffusion coefficient from the same
lies on expanding the velocity distribution into its moments,data, indicated that the Chapman-Enskog predictions used to
with the Maxwell-Boltzmann distribution forming the lead- relate the granular temperature to self-diffusion in granular
ing term in the approximation. Comparison with numericalgases were accurate to within 10—20 % for packing fractions
studies has indicated good agreement, but experimental valiyp to about 0.617]. This validation of the Chapman-Enskog
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results up to7~0.6 showed that measurement of self- FIG. 2. First 500 location events foi=700. The positions are
diffusion coefficients could be used as an indirect way ofProlected onto the-y plane.

measuring granular temperatUrer]. tem to about 4 ms. The detectors consist of a pair of multi-
The purpose of this paper is to present results from exyire proportional chambers each with an active area of 600
periments on three—@menspngl VIbI’OﬂUIdIZE‘d beds per~ 300 mn? [20]. In this study ballotini radiotracers were pro-
formed using the positron emission particle trackiREPT  quced through their irradiation b§He nuclei; these were
facility at the University of Birmingham, U.K. The PEPT ,pysically indistinguishable from the remaining beads within
experimental facility is introduced in Sec. II. Section Il de- o experimental cell.
scribes the measurement of packing fraction, displacement A three-dimensional granular gas was generated using a
probability density functions, and mean squared dispIaceLing Dynamic SystemsLDS) vibration system. A sinu-
ment. Finally in Sec. IV, displacement probability density g4;qq signal was fed through a field power supftlpS FPS
functions are compared with numerical solutions of thel) and power amplifierLDS PA 1000 into a wide fre-
Smoluchowski equation. quency band electrodynamic transdu¢ebS V651). This
system has a frequency range of 5-5000 Hz, a maximum
acceleration of 100 g and maximum amplitude of 12.5 mm.
A cell of dimensions 140-mm diameter and 300-mm height
Whole field methods of analyzing three-dimensionalwas placed on the upper surface of the vibrating piston, itself
granular beds are not generally available, primarily becausplaced between the photon detect@fgy. 1). The cell was
techniques such as high speed photography are unable ¢onstructed of polymethyl methacrylayte to limit the attenu-
probe beyond the surface of the bed. Although PEPT trackation of they rays as they travelled through the experimental
only a single radioactively labeled tracer particle, the auto-apparatus. Glass ballotini balls of diameter 502 mm
mated facility allows experimental data to be logged for a(with a restitution coefficient, measured using high speed
considerable length of timéup to 6 b, allowing pseudo- photography, of 0.91were used as the granular medium.
whole-field data to be accumulated. The technique has re- At grain speeds ot=1ms!, the PEPT camera has an
cently been used to investigate a number of experimentaccuracy of about-4 mm. The accuracy in thedirection is
situations, e.g., rotating be@$0] and paste flo18], and it  substantially worséby a factor of about Bas the grain needs
is clear that such a system has good potential for observatiaio be located in a direction normal to the faces of the detec-
of grain motion in a three-dimensional vibrofluidized granu-tors. As the experimental arrangement was symmetrical
lar bed. about the cylinder axis, the form of the behavior in the
The tracer particle is prepared such that it contains a radirection was assumed to be the same, on average, as that in
dionuclide that decays through positron emission. Annihilathe x direction, thereby eliminating a large source of error.
tion of a positron upon encountering an electron produces &he motion of a grain was followed for about 1 h, resulting
pair of back-to-backy rays. These high energy photons arein up to 3000 000 location events. The number of grais,
very penetrating, and an accurate location can be determingaaced within the cel(including the tracer particjevas var-
from detection of a small number of back-to-back pagse ied over the following set of values: 300, 700, 1150, 1400,
Fig. 1). From a series of such measurements the tracer locd-750, 2100, 2450, 2800, 3500, and 4200, corresponding to a
tion can be determined by triangulation, but it is necessary téotal number of grain layers varying from 0.5 to 6. For the
collect enough data so that the backgroudde to, for ex- experiments containingl=700—-4200 grains, the cell was
ample, scattered rays can be distinguished. An iterative vibrated at a frequency of 50 Hz and an amplitude of 1.91
algorithm [19] is used to eliminate this background. This mm; for N=300, the same frequency and an amplitude of
method typically requires 100 coincidence pairs for each 102.10 mm were used. Figure 2 shows, as an example, the first
cation, which limits the timing resolution of the present sys-500 location events for the cadé=700 grains.

Il. EXPERIMENTAL PROCEDURE
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IIl. DATA ANALYSIS 0.5¢

== 700
A. Packing fraction 0.45} -©- 1050

The constraints acting on the PEPT facility mean that 04f
only a single particle can be tracked at a time. Consequently g 451
packing fraction cannot be calculated directly. However, if §
the system is ergodic then a time average is equivalent to a8 0-3f
ensemble average, enabling the packing fraction to be meago_zs.
sured indirectly through measurement of the residence timeg
fraction(a proof of which, valid for an equilibrium system, is 8 02
outlined in the Appendix We have proceeded on the as- * .15}
sumption that, as previous experiments have shown a clos
analogy between vibrofluidized granular beds and thermal i}
fluids, that this will also be valid for nonequilibrium steady  0.05}
states. old

Prior to determining the packing fraction, the experimen- 0
tal cell region was split into volume elements. These volume
elements consisted Qf horizontal sliqes_ thrpugh thg experi- FIG. 3. Packing fraction profiles fd=700—2800.
mental cell at 5-mm intervals. The distribution function de-

scribing the probability of a grain being located in each slice . ) ) .
was then determined. The reliability of a location event iscurate representation of the packing fraction profiles, but

dependent on the speed of the grain and the density of maueighting could be omitted if rapid estimation of the packing
terial at that location: the number of coincidence events, anffaction was required. . .

thus the interlocation time interval, therefore varies. A more _Figure 3 shows packing fraction profiles fra=700 to
accurate representation of the packing fraction profile is t&?800. These curves clearly differ from the exponentially de-
weight the location probability density by thizne spent in ~ caying packing fraction profile, characteristic of an elastic
each slice. The fractional residence time is calculated by redas in thermal equilibrium at low packing fractions. Rather, a
cording the time between successive location events, apporhumped” profile is observed, aspects of which resemble
tioning the appropriate fraction of time to each slice if thePacking fraction profiles measured using two dimensional
grain has moved beyond its initial slice, summing the totadranular gasefl4]. MD simulations on hard inelastic discs
time in each segment and normalizing to a total of one. Théhow that the effect of large numbers of grains is to cause

number densityi(y) can be approximated by saturation of the packing fraction profile near the bigkH.
The downturn inn(y) below y=10mm therefore seems
NF(y) likely not to be caused by the high excluded volume, but by
n(y)= Ve D the dissipation and energy flow from the base. The same data

plotted on semilog axefFig. 4 demonstrate that at large
whereN is the total number of graing(y) is the residence values ofy (y>50mm) the packing fraction decays ap-
time fraction of a grain in a segment, avdis the volume of  proximately exponentially, reflecting the reduced influence
a segment. The packing fractiof(y) is given by of the base on the motion of the grains at high altitudes. The
5 asymptotic gradient, and hence granular temperature, is seen
d to decrease systematically with increasing valuebl.of

v
n(y)=n(y)?, 2

whered is the grain diameter and the segment volume is
given by

-2}
md?
Ve=Ay—~, @ z-
S
g
whereAy is the segment thickness add is the experimen- & -6
tal cell diameter. 2
Combining Egs(1), (2), and(3) leads to the expression § -8
[«
2 NF(y)d® £ _10}
=_ 4
n(y)=3 TAYE 4

=12}

wherey is the height above the base of the cell. The discrep-
ancies between using the location probability density, and _14

weighting by the time interval between locations, are how-  © 20 40 6°y (mm)“ 100 120 140
ever, relatively minor, corresponding to peak differences of
around 1% in the packing fraction gt-20 mm. In this pa- FIG. 4. Packing fraction profiles fdd=700-2800, on semilog

per, the residence time fraction is used due to the more aexes.



PRE 62 SINGLE-PARTICLE MOTION IN THREE-DIMENSIONA. . .. 3829

TABLE I. Standard deviation of the packing fraction,, mea-
sured in 3x 3 subregions within a 5-mm slice centered at a height (Ir(t)=r(0)|?= J r2u(r,t)dr, (9
y=30 mm above the base, for a range of grain numh¥érs,

which leads to Einstein’s relation
N 700 1150 1400 1750 2100 2450 2800 3500 4200

1
o,/m 265 205 289 327 341 535 560 841 10.22 lim ﬁ<|r(t)—r(0)|2>=D. (10
(%) t

In a vibrofluidized bed a stochastic description of the mo-

The ergodicity of the system was tested by splitting eaction is complicated by the fact that each grain is accelerated
slice into a 3<3 matrix of nine further segments, allowing PY gravity between collisions, and thatvaries with position
the standard deviation in packing fraction across a plane t§nd(in two and three dimensiopslepends on direction. The
be determined. This analysis showed that when the system fgore complex partial differential equati¢RDE) describing
dilute the variation is<5% and the full volume of the system this situation, and its solution, is described in more detail in
is in effect explored by each grain over the time scale of eaci€C: V. _ _ o _
individual experimentabout 1 h. At very high packing frac-  The experimental displacement probability density func-
tions, e.g., whetN= 4200, the packing fraction is more vari- tion is measured by calculating the distance moved by a
able, suggesting that the tracer requires significantly longegrain following each location event. To attain good spatial
times than at low densities to explore the full volume of therésolution the experimental cell volume is split into slices,
system. Table I illustrates the variabilitgtandard deviation ~ following the procedure established during the measurement
in the packing fraction ay=30 mm for each experiment. It ©Of the packing fraction: the system is first analyzed by run-
was found that the variation was within 10% up to abbut Ning through the location data in each run, assigning a num-
— 3500, suggesting that the assumption of ergodicity is regber to each location event, and determining which slice the
sonable folN<3500. location event was found in. To reduce the effect of grain

A simple way of accounting for the excluded volume ef- C(_)Ili_sions yvith thg side walls, only grain points located
fects associated with the closely packed grains is to incorpo¥ithin a disc of diameter d.—15) mm are tracked. Each
rate the radial distribution function at contagy,(d), into  Slice is then considered in turn, with every location event
calculations of the mean free pdt®2]. This has the conse- aSS|g_ned to a slice consn_dered as a starting Ioca_1t|on. For t_he
quence of modifying the mean free time between coIIisions!Ocat'O” events succeeding each starting location, the dis-

e, such that placement vector relative to the starting location is calcu-
' lated. Thus, for each slice, a large number of individual dis-

2 placements are determined for known times. These data are

TEZW. (5)  binned into both discrete times and displacements to create

displacement probability densities within known time inter-
o ) . ) vals. Figures &) and b) show typical probability densities
The radial distribution at contact is approx!mated in the mans,, measurements made in tikeand y directions. The ap-
ner suggested by Carnahan and Star[2g]: proximately Gaussian form of the function in tkelirection
indicates that neither boundaries nor gravitational effects
go(d)= (2—7) _ (6) play a significant role in the behavior of the grains, over the
© 2(1-n)® time scale of the experiments shown in Figa)5 However,
in the y direction, the probability density is not in general
Gaussian, nor does it tend to be symmetrical after short
times. An explanation for this “anomalous” behavior is dis-
In an unbounded isotropic system no particular directioncussed in Sec. IV.
of movement is favored above any other. In such systems, in
three dimensions, the probability of finding a grain in a vol- C. Mean squared displacement

ume elementlr around the point at timet, assuming the The mean squared displacement can be calculated from
grain was at the origin at time zero, is governed by the dif- q b

. . the displacement probability densit$ec. 111 B) or directly
fusion equation from the experimental position data. In studies of two-
Ju J2u dimensional vibrofluidized granular beds, plots of the mean
—=D—=, (7) squared displacement versus time were used to determine
at ar . . -

both granular temperature and self-diffusion coefficients
[16]. This approach relied on the facts tliat at times much
less thanrg, the particles move ballistically, resulting in a
1 (2 quadratic variation in the mean squared displacement with
_ - time characteristic of the granular temperature; éndthat
u(r.t) (47Dt)3 2exp< 4Dt>' ® this switches to linear behavior given by the two-
dimensional equivalent of E§10) at times much longer than
where u is the displacement probability densitp, is the 7. The current PEPT facility at the University of Birming-
self-diffusion coefficient, and=|r|. The mean squared dis- ham has a temporal resolution, at grains speeds of about 1
placement can be calculated from E8) using the equation ms %, of about 7 ms, which means that unless the mean free

B. Displacement probability density

the solution of which is
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suggesting a mean free path of about 30 mm in this low
density system. Hence, at positions close to the lgasey
=30 mm) the mean squared displacement will be distorted
by the frequent collisions of the grains with the base, and
thus leads to lower than expected values for the granular
temperature. This highlights the need for careful interpreta-
tion of the data in regions in the vicinity of the base.

In this study, the mean squared displacement was mea-
sured as a function of height above the base by modifying
0) y (mm) the method developed to measure the displacement probabil-

ity density. After the segment number had been determined

FIG. 5. Displacement probability densities =700 andy for each start location, the square of the displacement from
=7.5mm. (&) x component.(b) y component. The spacingx  that start location was calculated for each subsequent loca-
=Ay=5mm. tion event. The data were binned into time intervals and a

plot of mean squared displacement versus time produced for
time between collisions is quite large, i.e., significantly each time segment. Figure 7 shows the mean squared dis-
larger than about 7 ms, then it is not possible to calculatglacement behavior for a relatively low density syste¥n,
granular temperature by analyzing the ballistic region of the=1050[Figs. 1@ and 7b)] and a high density systeni\
mean squared displacement. At low densities, the mean free 2450 [Figs. 7c) and 7d)], at two values for the initial
time between collisions is sufficiently long that analysis ofheight, y=32.5 and 52.5 mm, and slice thicknegsy
the short time behavior of the grains can provide a value for=5 mm. These plots show the main features observed in all
the granular temperature. For example, Fig. 6 shows théhe calculated data sets.
granular temperature profile for a bed of 300 grains vibrated At short times, the average displacement behavior of the
at a shaker amplitude of 2.10 mm. As with the two- grains in each direction is qualitatively indistinguishable: the
dimensional beds considered in RET)], the granular tem- x andy components of the mean squared displacement tend
perature is seen to decay with distance from the base, anth follow similar curves. However, at longer times, the dif-
furthermore, they component of the granular temperature isferences become apparent. In the low density case, both the
significantly higher than th& component. However, Fig. 6 andy components of the mean squared displacement show
implies that the granular temperature in thelirection is  saturation behavior. In contrast, in the high density case,
depressed at low altitudes, and demonstrates some of thehen saturation becomes apparent, it is restricted toythe
problems inherent in calculating the granular temperatureomponent, at least until large heights above the base are
close to the base. This is illustrated by the following simpleinvestigated.
analysis. WhemN =300, the packing fraction is typically less Examining the low density case first, we observe that the
than 0.02. In three dimensions, and at low packing fractions component of the mean squared displacement saturates at a
[i.e., in an ideal Maxwell gagy,(d) ~1], the mean free path level equivalent to a root mean squared distance of about 40
\ is related to the packing fraction 4] mm, regardless of the initial height. The behavior of the
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FIG. 7. Mean squared displacement versus timandy contributions are shown as squares and circles, respectively, with the total
displacement shown as triangléé=1050; start heighty=(a) 32.5 mm andb) 52.5 mm.N=2450; start heighty=(c) 32.5 mm and(d)
52.5 mm.

component of the mean squared displacement is more varstraightforwardly by assuming uniform probability densities
able: at low altitudes, saturation tends to occur at meaifor both (1) the starting point of a grain, an@) the long
squared displacements around 2@n?, but this reaches a term positions of the grain. The result {5(t) — x(0)|3a7)
minimum of about 0.4 10~ 3 m? at about 32.5 mm from the =d§/8. This suggests a root mean square saturation value of
base. As locations further from the base are examined, the 50 mm, in reasonable agreement with the value~ofi0
y-direction saturation is seen to rise once more. We suggeshim seen in Figs. () and 7b).

that this difference in behavior is due to the fact that xhe The corresponding saturation behavior of thdisplace-
component of the mean squared displacement is calculatedent component could, in principle, be calculated from the
by averaging over all possible start positions, whereas analysteady-state packing fraction profiles seen in Fig. 4. Clearly a
sis of they component is restricted to those grains that stargrain released at=32.5mm, close to the center of the dis-

in slices 5 mm in thickness, at different altitudes. The motiontribution, will have a smaller maximum mean square dis-
of the grains in thex direction is not directly influenced by placement than one starting either well below or well above
the effect of gravity, and is thus limited only by the physical the peak in the packing fraction profile, in qualitative agree-
barriers confining the granular material. As the lateral posiment with the observations described earlier.

tioning of the cylinder walls is evidently fixed, it is unsur-  In the high density system, the saturation occurs in both
prising that we observe that thecomponent of the mean the x andy directions only at large distances from the base.
squared displacement should eventually saturate at a fixeét positions close to the base, the mean squared displace-
distance independent of the starting height. The saturatioment is broadly linear with time, indicating that pure diffu-
value for the mean squareddisplacement can be calculated sive behavior is occurring. Figure(cJ clearly shows the
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andy components of the mean squared displacement show- 60
ing contrasting behavior: th& motion remains diffusive,

while they motion shows signs of saturation. In contrast to
L . . - . 50 —_—
the behavior in the low density system, in the high density 0.05 m.s~"
system thex motion remains diffusive up to heights of about / ,4%_’
40 mm. The explanation in the low density case was that the 4o} ’ »
side walls limited the mean squared behavior; in the high S - : {'SQL"\

density system, the packing fraction is higher, the mean path € Tl o AR B\
length shorter, and so the mean time taken to collide with the 530', 2t v s, /Ia’——d_k.\\\
wall is much longer, i.e., the grains in the larjecase were P T Y W R

not observed for sufficient time to see saturation. However a0} NN
the depth of the bed is smalktompared to the diameter of C vy
the experimental celland as such there is sufficient time for IR NI I T L I i
saturation of they component of the mean squared displace- 19} ¢
ment to be seen. In the altitude range-30—55mm, the e e n e N e e
behavior is somewhat reminiscent of the MD results of 0 A ; . . R
Hansen and Heldl25]. In their study of a two-dimensional o 10 20 30 40 50 60 70
fluidized granular bed, “subdiffusive” behavior was ob- r(mm)

served in they direction, with they component of mean G, 8. Mean velocity field for a vibrofluidized granular bed
squared displacement rapidly reaching saturation. containingN = 2450 grains.

-et t 2 2t Yt Y o,

LY .tqs\\\\\\‘.-—‘-',,
[J

D. Convection (10). These differences are driven, at the macroscopic level,
Convection currents occur routinely in granular beds un—by strong gra_dlents in the packing fraction and granulgr tem-
dergoing low-amplitude vibratiofi8], and it is therefore of perature profiles. In order to accommoda_te this b_ehawor, Eq.
interest to investigate whether convection is also present iﬁ) ”??ds o be extendgd and sqlved with spatlally varying
the highly fluidized granular gases considered here Thgoefﬁments. The governing equation for a system with vary-
: ing self-diffusion coefficient and under the influence of an

mean velocity field was calculated by first converting theexternal field is dgiven by the so-called Smoluchowski equa-
Cartesian coordinates into a cylindrical coordinate scheme[. o 9 y th . €9
ion, which is a generalization of E¢7). In one dimension,

In the axial direction, the cell was divided into slices, as inthe Smoluchowski equation becon|es]
Sec. Ill A. In the radial direction, the cell was split into an- q
nuli of equal thickness, and in thidirection(wheredg is the auly,t) a au(y,t)
angle between the projection of the position vector onto the = —[ )

x-z plane and thex axig the cell was divided into equal at % %y
sections. As before, each location event was assigned t0\@nqare the coefficienD(y) is the position dependent self-
volume element. An 11-point finite center-difference ap-gjtfysion coefficient, and under conditions for which
proach was use_d to estimate the mean flow velocity, e.g., i@:hapman—Enskog theory is valif} can be related to the
the radial direction granular temperature through

o r(i+5)—r(i—5)
o= {5 =t1=5)’

+S(y)u(y,t)], (13

12

EO(Y)) v

D(y):8n<y>d290<d>( mm (19

whereu (i) is the component of velocity in the (radia)  \hereE,, the granular temperature, is defined by
direction determined for théth location event. The mean -

velocity in a segment was then calculated by summing over Eo=32(Ex+Ey+Ey)=3(mvi+mui+mu3), (15

i for all location events in a segment, and dividing by the

number of events attributed to that particular segment. FigurashereEy, Ey, andE; andvy, vy, andv; are the granular

8 shows the resulting velocity field, in cylindrical coordi- temperatures and grain velocities in they, andz directions
nates, for a bed containing=2100 grains, after averaging respectivelyS(y) is a term that accounts for the acceleration
the velocities in the andy directions over¢, for ease of due to gravity between collisions, and can be giver] 25|
presentation. Figure 8 shows that while convection is occur-

ring, the mean flow speed is typically less than 0.05th s S(y) = 9
This is equivalent to a mean squared displacement of about y)= B’
6x 10 °m? after 50 ms, which is evidently small in com- _ _ _ _
parison to the experimentally determined values seen in Figd/hereg is the acceleration due to gravity, apds the fric-

7(a)-7(d), and suggests that the effect of convection on theséon coefficient. Derivation of the mean squared displace-
plots is negligible. ment of a Brownian particle using the Langevin approach

[22] results in an expression relating the diffusion coeffi-
cient, granular temperature, and friction coefficient:

(16)

IV. STOCHASTIC BEHAVIOR

It is evident from Figs. f@@)—7(d) that a granular system is D= E
more complicated than the behavior encapsulated in Eq. pm’

(17)
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FIG. 9. Comparison of measured and calculated displacement probability density funbtied§ %0, and the initial height is 30 mm

Comparison of Eqs(2), (14), (16), and(17) leads to boundary Neumann derivative boundary conditions assume

that the particle flux is zero at the bass:

S(y) (18 au(y,t

gd (EO(Y)> 12
D(y) 2y

= 167(y)go(d) | am ) ¢ syyuty.=o. (19

As the theoretical forms of the granular temperature and
packing fraction are not known, it is not possible to derive anThe Smoluchowski equation describes the spatial develop-
analytical solution to Eq(13), and hence it must be solved ment of a system, but it is known that in a vibrofluidized
numerically. The approach adopted was to use the measureglanular system energy is continually being introduced at the
packing fraction profilen(y) and an estimated granular tem- base, indicating that an analysis based on the Fokker-Planck
perature profileEq(y) to determineD(y) andS(y) via Egs.  equation would be more rigoro(i26]. This extension to in-
(2), (14), and (18). Numerical solution of the differential clude velocity space would increase the complexity of the
equation resulted in a prediction fafy,t) which could then  sijtuation several fold. Therefore, as a working hypothesis we
be compared directly with the measured probability densitymake the assumption that the Smoluchowski equation is an
function. The initial estimate foE(y) was deduced from adequate model for describing the stochastic development of
measurements dD from the mean squared displacements,a granular system, once the steady state granular temperature
e.g., Figs. 7a-7(d), and from the packing fraction profile and packing fraction distribution have been estimated.
using Eq.(14). Eo(y) was then modified in an iterative way ~ The presence of convection currents can in principle lead
until good agreement was achieved between the predicted problems in the analysis of the system. As discussed in
and experimental forms far(y,t). Sec. llID, the presence of convection rolls will cause the
The method of estimating the solution to E3) will be flux of grains moving in the vertical direction to vary across
discussed in detail in a further publication, but will be de-the radius of the cell, which could lead to the displacement
scribed here briefly. The differential equation is approxi-probability densities becoming artificially widened. How-
mated using a finite difference equation. It can be shown thagver, they component of the convection current velocity at
a separation of variables solution to the three-dimensionall but the highest speedsypically about 0.01 ms'), leads
Smoluchowski equation is a set of three independent equae a possible extra displacement of the order of 1 mm over
tions: a one-dimensional Smoluchowski equationyito- 100 ms. This is negligible compared to the distances moved
gether with simple diffusion equationd) in x andz The by the grains due to diffusion mechanisii#gg. 9), and con-
PDE describing the motion in thg direction can then be vection was therefore ignored during analysis of the grain
represented using a simple rectilinear mesh representingiotion. Typical results of the analysis are presented in Fig.
height and time, with a reflecting boundaryyat 0. Above  9: these show that through the appropriate selection of the
the base a second order difference equation is used. At ttgranular temperature profilgig. 10, close correspondence



3834 WILDMAN, HUNTLEY, HANSEN, PARKER, AND ALLEN PRE 62

(210 function Py=Pyn(r¢,p1, ... Fn.Pn) In N-bead phase
i ) ) ) space. The volum& occupied by the beads is subdivided

0.9} 1 into n horizontal slices of widthAy=h/n, whereh is the

0.8l ] vertical height of the cell. The characteristic function of slice
5 ’ i sj(_y), may be expressed in terms of the Heaviside step
0 07f 1 function 6(y) by
3
©0.6

go.s\ ] si(y)=0(jAy-y)6(y—(j—1)Ay), 1sj=n. (A1)
-
T 0.4f 1

2 To estimate the mean numbhbl; of particles in slicg, we
30-3 introduce the microscopiynamica) variable
0.2
0.1 ! N
0 ) ) , ) S :‘21 si(Yi), (A2)
0 0.02 0.04 0.06 0.08 0.1 -
y (mm)

wherey; is the vertical coordinate of particlgrain i. The
required mean numbe; is given by the ensemble average
of the dynamical variabl&; ,

between the numerical solution of the Smoluchowski equa-
tion and the experimental results can be achieved.

FIG. 10. Granular temperature profile used to genebafg)
and S(y) through Eqs(14) and(18), respectively.

N
Nj=<8j>=<2 5j(Yi)>:N<Sj(Y1)>a (A3)
V. CONCLUSION i=1

PEP.T enables the tracklng of a smgle particle at ter_nporaéince allN grains in the fluidized bed are equivalent. The
resolutiong <10 m9 not previously available for analysis of latter ensemble average may be expressed as

three-dimensional systems. Positron emission tomography
and magnetic resonance imaging are both established whole

field techniques capable of probing the behavior of quasi-

static three-dimensional granular flows, but are not able to N<S,—(Y1)>:NJ Pnsj(y1)dridpy---drydpy.  (A4)
resolve motion at the single-particle level in rapidly evolving

systems. PEPT was used to analyze the behavior of grains in _ _ . ) )

a three-dimensional vibrofluidized bed. Packing fraction pro-' N€ Stationary one-particle densityr,) is defined a322]
files were calculated by making use of the ergodicity of the

system. These profiles were qualitatively similar to those

seen in two dimensions. Further, stochastic variables such as p(ry)= Nf Pndp1dr,dp,: - -drydpy (A5)
the mean squared displacement and the displacement prob-

ability density functions were determined. Complete velocity

fields and indications of convection were observed in conso thatN; may be re-expressed as

tinuously vibrated highly fluidised granular beds. At low
packing fractions §<0.4), the convection currents were
sufficiently small to be ignored during analysis of the grain
motion. Solution of the Smoluchowski equation using a finite
difference approach, and subsequent comparison with ex-
perimental results, indicated that such an approach can suc- :Af p(y1)s;(y1)dyi, (AB)
cessfully model a three-dimensional vibrofluidized granular

bed.

Nj:J p(ry)sj(y.)dry

whereA is the cross-sectional area of the call{ Ah), and
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APPENDIX If the stationary state is assumed to be ergoNicmay also

be expressed as a time average of the dynamical variable
We assume the vibrofluidized bed to be in a stationarfEq. (A2)] along the phase space trajectory of a single
state characterized by a normalized probability distributionsample,
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1 Comparing Eqs(A7) and (A8), we arrive at the conclu-
N;j= lim ;f S(t)dt sion that the mean fraction of grains found within the hori-
7ot 0 zontal slice (—1)Ay<y<|Ay is given by

1 (r&
= Iim;fozl sj(yi(1)dt N, A [iay o
(i FY=N"N (j_lmyp(y )dy
- IimEfTs-( (1)dt (A8) 1 (-
i P ' =Iim;f sj(y.(t)dt, (A9)
0

T— 0

where the index 1 denotes the tagged particle, and account
was taken once more of the fact that tNegrains in the allowing the packing fraction to be expressed as a function
sample are equivalent. of the residence time fraction as in Ed).
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