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Single-particle motion in three-dimensional vibrofluidized granular beds
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A technique to probe the interior of three-dimensional dynamic granular systems is presented. Positron
emission particle tracking~PEPT! allows a single tracer particle to be followed around a three dimensional
vibrofluidized granular bed for periods up to six hours. At present the technique is able to resolve the position
of the grains to64 mm, with an average temporal resolution of about 7 ms. Packing fraction profiles are
calculated by making use of the ergodicity of the system, and granular temperature profiles are obtained, in the
dilute case, from the short time behavior of the mean squared displacement. At longer times, the mean squared
displacement shows a range of behavior which can be explained by the presence of strong gradients in the
packing fraction. Convection currents were observed, but were sufficiently small in magnitude to be ignored
during the analysis of grain motion. The system was modeled using the Smoluchowski equation, which was
solved numerically, and the results compared with the experimentally determined displacement probability
density functions. Good agreement between experiment and numerical results was achieved using Brownian
motion relationships modified to accommodate differences between granular systems and thermal systems.

PACS number~s!: 45.70.Mg, 51.10.1y, 05.40.2a, 05.60.2k
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I. INTRODUCTION

Granular materials have been studied closely by scien
and engineers for over a hundred years. The ubiquity of s
materials in both nature and industry has precipitated m
studies with the aim of improving transportation and stora
methods. Recently, the complexity and richness of the
havior of dissipative and nonequilibrium systems has led
renewed interest in granular flows at the microscopic
single-particle level. On the whole, the investigations ha
centered on theoretical and numerical analysis of the p
lem. For example, Savage and Jenkins pioneered the u
kinetic theory methods to model microscopic motion
granular flow@1#, and McNamara and Luding have studie
dissipative systems using molecular dynamics~MD! and
event driven simulations@2#. The need for experimental vali
dation of these approaches was emphasised by Campb
his review paper@3#. In response to this, a number of ph
nomena have been systematically investigated, includ
convection@4#, gravity driven flows@5# and wave propaga
tion @6#. Generally, experimental investigation of granu
systems has concentrated on two-dimensional systems~see,
e.g., Ref.@7#!, but recently a range of techniques has be
used to observe motion in three dimensions, including m
netic resonance imaging@8#, diffusive wave spectroscop
@9#, and positron emission particle tracking@10#.

Theoretical descriptions of granular flows have genera
used kinetic theory methods analogous to the Chapm
Enskog approach to atomic gases. Jenkins and Richman
lyzed the case of nearly elastic, hard disk gases@11#, and a
similar analysis was undertaken by Kumaran to describe
brofluidized granular beds@12#. Essentially, this method re
lies on expanding the velocity distribution into its momen
with the Maxwell-Boltzmann distribution forming the lead
ing term in the approximation. Comparison with numeric
studies has indicated good agreement, but experimental
PRE 621063-651X/2000/62~3!/3826~10!/$15.00
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dation has yet to be performed for three-dimensional s
tems. Kinetic theories have also been used to produce se
hydrodynamic equations appropriate to granular flows@13#.

Model two-dimensional vibrofluidized granular beds
steel spheres~restitution coefficient,«50.92) were used in
Ref. @7# to investigate the steady state behavior of a ‘‘gran
lar gas.’’ High speed digital photography, together with im
age analysis and particle tracking software, was used to
termine large numbers of particle trajectories and he
obtain velocity distributions. These authors showed that
velocity probability density function of such grains in a tw
dimensional vibrofluidized granular gas closely correspo
to a Maxwell-Boltzmann distribution, and developed
method of extracting the granular temperature based on
fitting of the theoretical form of the velocity probability den
sity to the experimentally acquired data@14#. By this method,
granular temperature profiles in vibrofluidized beds were
termined for the first time. Further, it was shown that ap
from the accentuated influence of gravity, a highly fluidiz
granular system can behave in a fundamentally similar m
ner to a thermal fluid@15#. This method for determining
granular temperature is appropriate at low or intermed
packing fractions, but at high densities (h.0.5) the collision
rate of the grains is of the order of the framing rate of m
high speed video cameras~1000 frames per second for th
study described above!. To avoid this problem, a new
method was suggested that relied on the analysis of the s
time behavior of the mean squared displacement@16#. This
method allowed measurement of granular temperature u
packing fractions approaching 0.8. Subsequently, the m
surement of the granular temperature, combined with the
termination of the self-diffusion coefficient from the sam
data, indicated that the Chapman-Enskog predictions use
relate the granular temperature to self-diffusion in granu
gases were accurate to within 10–20 % for packing fracti
up to about 0.6@17#. This validation of the Chapman-Ensko
3826 ©2000 The American Physical Society
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PRE 62 3827SINGLE-PARTICLE MOTION IN THREE-DIMENSIONAL . . .
results up toh;0.6 showed that measurement of se
diffusion coefficients could be used as an indirect way
measuring granular temperature@17#.

The purpose of this paper is to present results from
periments on three-dimensional vibrofluidized beds p
formed using the positron emission particle tracking~PEPT!
facility at the University of Birmingham, U.K. The PEP
experimental facility is introduced in Sec. II. Section III d
scribes the measurement of packing fraction, displacem
probability density functions, and mean squared displa
ment. Finally in Sec. IV, displacement probability dens
functions are compared with numerical solutions of t
Smoluchowski equation.

II. EXPERIMENTAL PROCEDURE

Whole field methods of analyzing three-dimension
granular beds are not generally available, primarily beca
techniques such as high speed photography are unab
probe beyond the surface of the bed. Although PEPT tra
only a single radioactively labeled tracer particle, the au
mated facility allows experimental data to be logged fo
considerable length of time~up to 6 h!, allowing pseudo-
whole-field data to be accumulated. The technique has
cently been used to investigate a number of experime
situations, e.g., rotating beds@10# and paste flow@18#, and it
is clear that such a system has good potential for observa
of grain motion in a three-dimensional vibrofluidized gran
lar bed.

The tracer particle is prepared such that it contains a
dionuclide that decays through positron emission. Annih
tion of a positron upon encountering an electron produce
pair of back-to-backg rays. These high energy photons a
very penetrating, and an accurate location can be determ
from detection of a small number of back-to-back pairs~see
Fig. 1!. From a series of such measurements the tracer l
tion can be determined by triangulation, but it is necessar
collect enough data so that the background~due to, for ex-
ample, scatteredg rays! can be distinguished. An iterativ
algorithm @19# is used to eliminate this background. Th
method typically requires 100 coincidence pairs for each
cation, which limits the timing resolution of the present sy

FIG. 1. Schematic of the PEPT facility.
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tem to about 4 ms. The detectors consist of a pair of mu
wire proportional chambers each with an active area of 6
3300 mm2 @20#. In this study ballotini radiotracers were pro
duced through their irradiation by3He nuclei; these were
physically indistinguishable from the remaining beads with
the experimental cell.

A three-dimensional granular gas was generated usin
Ling Dynamic Systems~LDS! vibration system. A sinu-
soidal signal was fed through a field power supply~LDS FPS
1! and power amplifier~LDS PA 1000! into a wide fre-
quency band electrodynamic transducer~LDS V651!. This
system has a frequency range of 5–5000 Hz, a maxim
acceleration of 100 g and maximum amplitude of 12.5 m
A cell of dimensions 140-mm diameter and 300-mm heig
was placed on the upper surface of the vibrating piston, it
placed between the photon detectors~Fig. 1!. The cell was
constructed of polymethyl methacrylayte to limit the atten
ation of theg rays as they travelled through the experimen
apparatus. Glass ballotini balls of diameter 5.060.2 mm
~with a restitution coefficient«, measured using high spee
photography, of 0.91! were used as the granular medium.

At grain speeds ofc̄51 m s21, the PEPT camera has a
accuracy of about64 mm. The accuracy in thez direction is
substantially worse~by a factor of about 3! as the grain needs
to be located in a direction normal to the faces of the det
tors. As the experimental arrangement was symmetr
about the cylinder axis, the form of the behavior in thez
direction was assumed to be the same, on average, as th
the x direction, thereby eliminating a large source of err
The motion of a grain was followed for about 1 h, resultin
in up to 3 000 000 location events. The number of grains,N,
placed within the cell~including the tracer particle! was var-
ied over the following set of values: 300, 700, 1150, 140
1750, 2100, 2450, 2800, 3500, and 4200, corresponding
total number of grain layers varying from 0.5 to 6. For t
experiments containingN5700– 4200 grains, the cell wa
vibrated at a frequency of 50 Hz and an amplitude of 1
mm; for N5300, the same frequency and an amplitude
2.10 mm were used. Figure 2 shows, as an example, the
500 location events for the caseN5700 grains.

FIG. 2. First 500 location events forN5700. The positions are
projected onto thex-y plane.
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III. DATA ANALYSIS

A. Packing fraction

The constraints acting on the PEPT facility mean t
only a single particle can be tracked at a time. Conseque
packing fraction cannot be calculated directly. However
the system is ergodic then a time average is equivalent t
ensemble average, enabling the packing fraction to be m
sured indirectly through measurement of the residence t
fraction~a proof of which, valid for an equilibrium system,
outlined in the Appendix!. We have proceeded on the a
sumption that, as previous experiments have shown a c
analogy between vibrofluidized granular beds and ther
fluids, that this will also be valid for nonequilibrium stead
states.

Prior to determining the packing fraction, the experime
tal cell region was split into volume elements. These volu
elements consisted of horizontal slices through the exp
mental cell at 5-mm intervals. The distribution function d
scribing the probability of a grain being located in each sl
was then determined. The reliability of a location event
dependent on the speed of the grain and the density of
terial at that location: the number of coincidence events,
thus the interlocation time interval, therefore varies. A mo
accurate representation of the packing fraction profile is
weight the location probability density by thetime spent in
each slice. The fractional residence time is calculated by
cording the time between successive location events, ap
tioning the appropriate fraction of time to each slice if t
grain has moved beyond its initial slice, summing the to
time in each segment and normalizing to a total of one. T
number densityn(y) can be approximated by

n~y!5
NF~y!

Vs
, ~1!

whereN is the total number of grains,F(y) is the residence
time fraction of a grain in a segment, andVs is the volume of
a segment. The packing fractionh(y) is given by

h~y!5n~y!
pd3

6
, ~2!

where d is the grain diameter and the segment volume
given by

Vs5Dy
pdc

2

4
, ~3!

whereDy is the segment thickness anddc is the experimen-
tal cell diameter.

Combining Eqs.~1!, ~2!, and~3! leads to the expression

h~y!5
2

3

NF~y!d3

Dydc
2 , ~4!

wherey is the height above the base of the cell. The discr
ancies between using the location probability density, a
weighting by the time interval between locations, are ho
ever, relatively minor, corresponding to peak differences
around 1% in the packing fraction aty;20 mm. In this pa-
per, the residence time fraction is used due to the more
t
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curate representation of the packing fraction profiles,
weighting could be omitted if rapid estimation of the packi
fraction was required.

Figure 3 shows packing fraction profiles fromN5700 to
2800. These curves clearly differ from the exponentially d
caying packing fraction profile, characteristic of an elas
gas in thermal equilibrium at low packing fractions. Rather
‘‘humped’’ profile is observed, aspects of which resemb
packing fraction profiles measured using two dimensio
granular gases@14#. MD simulations on hard inelastic disc
show that the effect of large numbers of grains is to ca
saturation of the packing fraction profile near the base@21#.
The downturn inh(y) below y510 mm therefore seem
likely not to be caused by the high excluded volume, but
the dissipation and energy flow from the base. The same
plotted on semilog axes~Fig. 4! demonstrate that at larg
values of y (y.50 mm) the packing fraction decays a
proximately exponentially, reflecting the reduced influen
of the base on the motion of the grains at high altitudes. T
asymptotic gradient, and hence granular temperature, is
to decrease systematically with increasing values ofN.

FIG. 3. Packing fraction profiles forN5700– 2800.

FIG. 4. Packing fraction profiles forN5700– 2800, on semilog
axes.
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The ergodicity of the system was tested by splitting ea
slice into a 333 matrix of nine further segments, allowin
the standard deviation in packing fraction across a plan
be determined. This analysis showed that when the syste
dilute the variation is,5% and the full volume of the system
is in effect explored by each grain over the time scale of e
individual experiment~about 1 h!. At very high packing frac-
tions, e.g., whenN54200, the packing fraction is more var
able, suggesting that the tracer requires significantly lon
times than at low densities to explore the full volume of t
system. Table I illustrates the variability~standard deviation!
in the packing fraction aty530 mm for each experiment. I
was found that the variation was within 10% up to aboutN
53500, suggesting that the assumption of ergodicity is r
sonable forN<3500.

A simple way of accounting for the excluded volume e
fects associated with the closely packed grains is to inco
rate the radial distribution function at contact,go(d), into
calculations of the mean free path@22#. This has the conse
quence of modifying the mean free time between collisio
tE , such that

tE5
2

nd2c̄go~d!
. ~5!

The radial distribution at contact is approximated in the m
ner suggested by Carnahan and Starling@23#:

go~d!5
~22h!

2~12h!3 . ~6!

B. Displacement probability density

In an unbounded isotropic system no particular direct
of movement is favored above any other. In such system
three dimensions, the probability of finding a grain in a v
ume elementdr around the pointr at time t, assuming the
grain was at the origin at time zero, is governed by the d
fusion equation

]u

]t
5D

]2u

]r2 , ~7!

the solution of which is

u~r ,t !5
1

~4pDt !3/2expS 2
r 2

4Dt D , ~8!

where u is the displacement probability density,D is the
self-diffusion coefficient, andr 5ur u. The mean squared dis
placement can be calculated from Eq.~8! using the equation

TABLE I. Standard deviation of the packing fractionsh , mea-
sured in 333 subregions within a 5-mm slice centered at a hei
y530 mm above the base, for a range of grain numbers,N.

N 700 1150 1400 1750 2100 2450 2800 3500 42

sh /h
~%!

2.65 2.05 2.89 3.27 3.41 5.35 5.60 8.41 10.
h

to
is

h
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a-

o-

,

-

n
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-

-

^ur ~ t !2r ~0!u2&5E r 2u~r ,t !dr , ~9!

which leads to Einstein’s relation

lim
t→`

1

6t
^ur ~ t !2r ~0!u2&5D. ~10!

In a vibrofluidized bed a stochastic description of the m
tion is complicated by the fact that each grain is accelera
by gravity between collisions, and thatD varies with position
and~in two and three dimensions! depends on direction. The
more complex partial differential equation~PDE! describing
this situation, and its solution, is described in more detai
Sec. IV.

The experimental displacement probability density fun
tion is measured by calculating the distance moved b
grain following each location event. To attain good spat
resolution the experimental cell volume is split into slice
following the procedure established during the measurem
of the packing fraction: the system is first analyzed by ru
ning through the location data in each run, assigning a nu
ber to each location event, and determining which slice
location event was found in. To reduce the effect of gra
collisions with the side walls, only grain points locate
within a disc of diameter (dc215) mm are tracked. Each
slice is then considered in turn, with every location eve
assigned to a slice considered as a starting location. For
location events succeeding each starting location, the
placement vector relative to the starting location is cal
lated. Thus, for each slice, a large number of individual d
placements are determined for known times. These data
binned into both discrete times and displacements to cr
displacement probability densities within known time inte
vals. Figures 5~a! and 5~b! show typical probability densities
for measurements made in thex and y directions. The ap-
proximately Gaussian form of the function in thex direction
indicates that neither boundaries nor gravitational effe
play a significant role in the behavior of the grains, over t
time scale of the experiments shown in Fig. 5~a!. However,
in the y direction, the probability density is not in gener
Gaussian, nor does it tend to be symmetrical after sh
times. An explanation for this ‘‘anomalous’’ behavior is di
cussed in Sec. IV.

C. Mean squared displacement

The mean squared displacement can be calculated f
the displacement probability density~Sec. III B! or directly
from the experimental position data. In studies of tw
dimensional vibrofluidized granular beds, plots of the me
squared displacement versus time were used to determ
both granular temperature and self-diffusion coefficie
@16#. This approach relied on the facts that~a! at times much
less thantE , the particles move ballistically, resulting in
quadratic variation in the mean squared displacement w
time characteristic of the granular temperature; and~b! that
this switches to linear behavior given by the tw
dimensional equivalent of Eq.~10! at times much longer than
tE . The current PEPT facility at the University of Birming
ham has a temporal resolution, at grains speeds of abo
m s21, of about 7 ms, which means that unless the mean

t
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time between collisions is quite large, i.e., significan
larger than about 7 ms, then it is not possible to calcu
granular temperature by analyzing the ballistic region of
mean squared displacement. At low densities, the mean
time between collisions is sufficiently long that analysis
the short time behavior of the grains can provide a value
the granular temperature. For example, Fig. 6 shows
granular temperature profile for a bed of 300 grains vibra
at a shaker amplitude of 2.10 mm. As with the tw
dimensional beds considered in Ref.@7#, the granular tem-
perature is seen to decay with distance from the base,
furthermore, they component of the granular temperature
significantly higher than thex component. However, Fig. 6
implies that the granular temperature in they direction is
depressed at low altitudes, and demonstrates some o
problems inherent in calculating the granular temperat
close to the base. This is illustrated by the following simp
analysis. WhenN5300, the packing fraction is typically les
than 0.02. In three dimensions, and at low packing fracti
@i.e., in an ideal Maxwell gas,go(d);1#, the mean free path
l is related to the packing fraction by@24#

FIG. 5. Displacement probability densities forN5700 andy
57.5 mm. ~a! x component.~b! y component. The spacingDx
5Dy55 mm.
te
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6&h
, ~11!

suggesting a mean free path of about 30 mm in this l
density system. Hence, at positions close to the base~i.e., y
<30 mm) the mean squared displacement will be distor
by the frequent collisions of the grains with the base, a
thus leads to lower than expected values for the gran
temperature. This highlights the need for careful interpre
tion of the data in regions in the vicinity of the base.

In this study, the mean squared displacement was m
sured as a function of height above the base by modify
the method developed to measure the displacement prob
ity density. After the segment number had been determi
for each start location, the square of the displacement fr
that start location was calculated for each subsequent l
tion event. The data were binned into time intervals an
plot of mean squared displacement versus time produced
each time segment. Figure 7 shows the mean squared
placement behavior for a relatively low density system,N
51050 @Figs. 7~a! and 7~b!# and a high density system,N
52450 @Figs. 7~c! and 7~d!#, at two values for the initial
height, y532.5 and 52.5 mm, and slice thicknessDy
55 mm. These plots show the main features observed in
the calculated data sets.

At short times, the average displacement behavior of
grains in each direction is qualitatively indistinguishable: t
x andy components of the mean squared displacement t
to follow similar curves. However, at longer times, the d
ferences become apparent. In the low density case, bothx
and y components of the mean squared displacement s
saturation behavior. In contrast, in the high density ca
when saturation becomes apparent, it is restricted to thy
component, at least until large heights above the base
investigated.

Examining the low density case first, we observe that
x component of the mean squared displacement saturates
level equivalent to a root mean squared distance of abou
mm, regardless of the initial height. The behavior of they

FIG. 6. Granular temperature in thex and y directions, forN
5300.
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FIG. 7. Mean squared displacement versus time.x and y contributions are shown as squares and circles, respectively, with the
displacement shown as triangles.N51050; start height,y5~a! 32.5 mm and~b! 52.5 mm.N52450; start height,y5~c! 32.5 mm and~d!
52.5 mm.
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component of the mean squared displacement is more
able: at low altitudes, saturation tends to occur at m
squared displacements around 1023 m2, but this reaches a
minimum of about 0.431023 m2 at about 32.5 mm from the
base. As locations further from the base are examined,
y-direction saturation is seen to rise once more. We sug
that this difference in behavior is due to the fact that thx
component of the mean squared displacement is calcul
by averaging over all possible start positions, whereas an
sis of they component is restricted to those grains that s
in slices 5 mm in thickness, at different altitudes. The mot
of the grains in thex direction is not directly influenced by
the effect of gravity, and is thus limited only by the physic
barriers confining the granular material. As the lateral po
tioning of the cylinder walls is evidently fixed, it is unsu
prising that we observe that thex component of the mean
squared displacement should eventually saturate at a fi
distance independent of the starting height. The satura
value for the mean squaredx displacement can be calculate
ri-
n

he
st

ed
ly-
rt
n

l
i-

ed
n

straightforwardly by assuming uniform probability densiti
for both ~1! the starting point of a grain, and~2! the long
term positions of the grain. The result is^ux(t)2x(0)uSAT

2 &
5dc

2/8. This suggests a root mean square saturation valu
;50 mm, in reasonable agreement with the value of; 40
mm seen in Figs. 7~a! and 7~b!.

The corresponding saturation behavior of they displace-
ment component could, in principle, be calculated from
steady-state packing fraction profiles seen in Fig. 4. Clear
grain released aty532.5 mm, close to the center of the di
tribution, will have a smaller maximum mean square d
placement than one starting either well below or well abo
the peak in the packing fraction profile, in qualitative agre
ment with the observations described earlier.

In the high density system, the saturation occurs in b
the x andy directions only at large distances from the ba
At positions close to the base, the mean squared displ
ment is broadly linear with time, indicating that pure diffu
sive behavior is occurring. Figure 7~c! clearly shows thex
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andy components of the mean squared displacement sh
ing contrasting behavior: thex motion remains diffusive,
while they motion shows signs of saturation. In contrast
the behavior in the low density system, in the high dens
system thex motion remains diffusive up to heights of abo
40 mm. The explanation in the low density case was that
side walls limited the mean squared behavior; in the h
density system, the packing fraction is higher, the mean p
length shorter, and so the mean time taken to collide with
wall is much longer, i.e., the grains in the large-N case were
not observed for sufficient time to see saturation. Howe
the depth of the bed is small~compared to the diameter o
the experimental cell!, and as such there is sufficient time f
saturation of they component of the mean squared displa
ment to be seen. In the altitude rangey;30– 55 mm, the
behavior is somewhat reminiscent of the MD results
Hansen and Helal@25#. In their study of a two-dimensiona
fluidized granular bed, ‘‘subdiffusive’’ behavior was ob
served in they direction, with they component of mean
squared displacement rapidly reaching saturation.

D. Convection

Convection currents occur routinely in granular beds
dergoing low-amplitude vibration@8#, and it is therefore of
interest to investigate whether convection is also presen
the highly fluidized granular gases considered here.
mean velocity field was calculated by first converting t
Cartesian coordinates into a cylindrical coordinate sche
In the axial direction, the cell was divided into slices, as
Sec. III A. In the radial direction, the cell was split into a
nuli of equal thickness, and in thef direction~wheref is the
angle between the projection of the position vector onto
x-z plane and thex axis! the cell was divided into equa
sections. As before, each location event was assigned
volume element. An 11-point finite center-difference a
proach was used to estimate the mean flow velocity, e.g
the radial direction

v r~ i !5
r ~ i 15!2r ~ i 25!

t~ i 15!2t~ i 25!
, ~12!

where v r( i ) is the component of velocity in ther ~radial!
direction determined for thei th location event. The mea
velocity in a segment was then calculated by summing o
i for all location events in a segment, and dividing by t
number of events attributed to that particular segment. Fig
8 shows the resulting velocity field, in cylindrical coord
nates, for a bed containingN52100 grains, after averagin
the velocities in ther and y directions overf, for ease of
presentation. Figure 8 shows that while convection is occ
ring, the mean flow speed is typically less than 0.05 m s21.
This is equivalent to a mean squared displacement of a
631026 m2 after 50 ms, which is evidently small in com
parison to the experimentally determined values seen in F
7~a!–7~d!, and suggests that the effect of convection on th
plots is negligible.

IV. STOCHASTIC BEHAVIOR

It is evident from Figs. 7~a!–7~d! that a granular system i
more complicated than the behavior encapsulated in
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~10!. These differences are driven, at the macroscopic le
by strong gradients in the packing fraction and granular te
perature profiles. In order to accommodate this behavior,
~7! needs to be extended and solved with spatially vary
coefficients. The governing equation for a system with va
ing self-diffusion coefficient and under the influence of
external field is given by the so-called Smoluchowski eq
tion, which is a generalization of Eq.~7!. In one dimension,
the Smoluchowski equation becomes@26#

]u~y,t !

]t
5

]

]y H D~y!
]u~y,t !

]y
1S~y!u~y,t !J , ~13!

where the coefficientD(y) is the position dependent sel
diffusion coefficient, and under conditions for whic
Chapman-Enskog theory is valid,D can be related to the
granular temperature through

D~y!5
3

8n~y!d2go~d! S EO~y!

pm D 1/2

, ~14!

whereEO , the granular temperature, is defined by

EO5 1
3 ~EX1EY1EZ!5 1

3 ~mvX
21mvY

21mvZ
2!, ~15!

whereEX , EY , andEZ andvX , vY , andvZ are the granular
temperatures and grain velocities in thex, y, andz directions
respectively.S(y) is a term that accounts for the accelerati
due to gravity between collisions, and can be given by@25#

S~y!5
g

b
, ~16!

whereg is the acceleration due to gravity, andb is the fric-
tion coefficient. Derivation of the mean squared displa
ment of a Brownian particle using the Langevin approa
@22# results in an expression relating the diffusion coe
cient, granular temperature, and friction coefficient:

D5
E0

bm
. ~17!

FIG. 8. Mean velocity field for a vibrofluidized granular be
containingN52450 grains.
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FIG. 9. Comparison of measured and calculated displacement probability density functions (N51750, and the initial height is 30 mm!.
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Comparison of Eqs.~2!, ~14!, ~16!, and~17! leads to

S~y!5
gd

16h~y!go~d! S EO~y!

pm D 21/2

. ~18!

As the theoretical forms of the granular temperature a
packing fraction are not known, it is not possible to derive
analytical solution to Eq.~13!, and hence it must be solve
numerically. The approach adopted was to use the meas
packing fraction profileh(y) and an estimated granular tem
perature profileEO(y) to determineD(y) andS(y) via Eqs.
~2!, ~14!, and ~18!. Numerical solution of the differentia
equation resulted in a prediction foru(y,t) which could then
be compared directly with the measured probability den
function. The initial estimate forEO(y) was deduced from
measurements ofD from the mean squared displacemen
e.g., Figs. 7~a!–7~d!, and from the packing fraction profile
using Eq.~14!. EO(y) was then modified in an iterative wa
until good agreement was achieved between the predi
and experimental forms foru(y,t).

The method of estimating the solution to Eq.~13! will be
discussed in detail in a further publication, but will be d
scribed here briefly. The differential equation is appro
mated using a finite difference equation. It can be shown
a separation of variables solution to the three-dimensio
Smoluchowski equation is a set of three independent eq
tions: a one-dimensional Smoluchowski equation iny to-
gether with simple diffusion equations~7! in x and z. The
PDE describing the motion in they direction can then be
represented using a simple rectilinear mesh represen
height and time, with a reflecting boundary aty50. Above
the base a second order difference equation is used. A
d
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red
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boundary Neumann derivative boundary conditions assu
that the particle flux is zero at the base@26#:

D~y!
]u~y,t !

]y
1S~y!u~y,t !50. ~19!

The Smoluchowski equation describes the spatial deve
ment of a system, but it is known that in a vibrofluidize
granular system energy is continually being introduced at
base, indicating that an analysis based on the Fokker-Pla
equation would be more rigorous@26#. This extension to in-
clude velocity space would increase the complexity of
situation several fold. Therefore, as a working hypothesis
make the assumption that the Smoluchowski equation is
adequate model for describing the stochastic developmen
a granular system, once the steady state granular temper
and packing fraction distribution have been estimated.

The presence of convection currents can in principle le
to problems in the analysis of the system. As discussed
Sec. III D, the presence of convection rolls will cause t
flux of grains moving in the vertical direction to vary acro
the radius of the cell, which could lead to the displacem
probability densities becoming artificially widened. How
ever, they component of the convection current velocity
all but the highest speeds~typically about 0.01 m s21!, leads
to a possible extra displacement of the order of 1 mm o
100 ms. This is negligible compared to the distances mo
by the grains due to diffusion mechanisms~Fig. 9!, and con-
vection was therefore ignored during analysis of the gr
motion. Typical results of the analysis are presented in F
9: these show that through the appropriate selection of
granular temperature profile~Fig. 10!, close correspondenc
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between the numerical solution of the Smoluchowski eq
tion and the experimental results can be achieved.

V. CONCLUSION

PEPT enables the tracking of a single particle at temp
resolutions~,10 ms! not previously available for analysis o
three-dimensional systems. Positron emission tomogra
and magnetic resonance imaging are both established w
field techniques capable of probing the behavior of qua
static three-dimensional granular flows, but are not able
resolve motion at the single-particle level in rapidly evolvi
systems. PEPT was used to analyze the behavior of grain
a three-dimensional vibrofluidized bed. Packing fraction p
files were calculated by making use of the ergodicity of
system. These profiles were qualitatively similar to tho
seen in two dimensions. Further, stochastic variables suc
the mean squared displacement and the displacement p
ability density functions were determined. Complete veloc
fields and indications of convection were observed in c
tinuously vibrated highly fluidised granular beds. At lo
packing fractions (h,0.4), the convection currents wer
sufficiently small to be ignored during analysis of the gra
motion. Solution of the Smoluchowski equation using a fin
difference approach, and subsequent comparison with
perimental results, indicated that such an approach can
cessfully model a three-dimensional vibrofluidized granu
bed.
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APPENDIX

We assume the vibrofluidized bed to be in a station
state characterized by a normalized probability distribut

FIG. 10. Granular temperature profile used to generateD(y)
andS(y) through Eqs.~14! and ~18!, respectively.
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function PN5PN(r1 ,p1 , . . . ,rN ,pN) in N-bead phase
space. The volumeV occupied by the beads is subdivide
into n horizontal slices of widthDy5h/n, whereh is the
vertical height of the cell. The characteristic function of sli
j, sj (y), may be expressed in terms of the Heaviside s
function u(y) by

sj~y!5u~ j Dy2y!u~y2~ j 21!Dy!, 1< j <n. ~A1!

To estimate the mean numberNj of particles in slicej, we
introduce the microscopic~dynamical! variable

Sj5(
i 51

N

sj~yi !, ~A2!

whereyi is the vertical coordinate of particle~grain! i. The
required mean numberNj is given by the ensemble averag
of the dynamical variableSj ,

Nj5^Sj&5K (
i 51

N

sj~yi !L 5N^sj~y1!&, ~A3!

since all N grains in the fluidized bed are equivalent. Th
latter ensemble average may be expressed as

N^sj~y1!&5NE PNsj~y1!dr1dp1¯drNdpN . ~A4!

The stationary one-particle densityr(r1) is defined as@22#

r~r1!5NE PNdp1dr2dp2¯drNdpN , ~A5!

so thatNj may be re-expressed as

Nj5E r~r1!sj~y1!dr1

5AE r~y1!sj~y1!dy1 , ~A6!

whereA is the cross-sectional area of the cell (V5Ah), and
account was taken of the fact that the grain density pro
only depends on the altitude. In summary,

Nj

N
5^s1~y1!&5

A

N E
0

h

r~y!sj~y!dy. ~A7!

If the stationary state is assumed to be ergodic,Nj may also
be expressed as a time average of the dynamical vari
@Eq. ~A2!# along the phase space trajectory of a sin
sample,
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Nj5 lim
t→`

1

t E
0

t

Sj~ t !dt

5 lim
t→`

1

t E
0

t

(
i 51

N

sj„yi~ t !…dt

5 lim
t→`

N

t E
0

t

sj„y1~ t !…dt, ~A8!

where the index 1 denotes the tagged particle, and acc
was taken once more of the fact that theN grains in the
sample are equivalent.
v

no

V

e,

.

nt

Comparing Eqs.~A7! and ~A8!, we arrive at the conclu-
sion that the mean fraction of grains found within the ho
zontal slice (j 21)Dy<y< j Dy is given by

F~y!5
Nj

N
5

A

N E
~ j 21!Dy

j Dy

r~y8!dy8

5 lim
t→`

1

t E
0

t

sj„y1~ t !…dt, ~A9!

allowing the packing fraction to be expressed as a funct
of the residence time fraction as in Eq.~4!.
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